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In the three-dimensional pure Einstein gravity, the geometries of the vacuum space-times are
always trivial, and gravitational waves (gravitons) are strictly forbidden. For the first time, we
find a vacuum circularly symmetric black hole with nontrivial geometries in f(R) gravity theory, in
which a true singularity appears. In this frame with nontrivial geometry, a perturbative gravitational
wave does exist. Beyond the perturbative level, we make a constructive proof of the existence of a
gravitational wave in f(R) gravity, where the Birkhoff-like theorem becomes invalid. We find two
classes of exact solutions of circularly symmetric pure gravitational wave radiation and absorption.
PACS numbers: 04.20.-q, 04.70.-s, 04.30.-w
I. INTRODUCTION
Pure gravity in three-dimensional space-time has been extensively studied over many aspects, for a review see [1].
But its status is still unsettled. It is well-known that the three-dimensional pure gravity is trivial, in the sense that
the manifold must be a maximally symmetric space locally, and thus gravitational wave is forbidden. That is to say,
the three-dimensional gravity becomes a topological theory: the differences among different configurations in this
theory only arose when we consider the boundary effects. A very simple and intuitionistic explanation of this point is
shown as follows. The Weyl tensor always vanishes in three-dimensional space-time, and thus the Riemann tensor can
be expressed in Ricci tensor. From Einstein equation the Ricci tensor is proportional to the metric in pure gravity.
Therefore, the Riemann tensor is completely determined by the metric (without the derivative terms of the metric),
which defines a maximally symmetric space-time. There are only a few non-propagating configurations, just like the
solutions of time independent Schro¨dinger equation in quantum mechanics, can exist in this frame [2]. Clearly, a
graviton does not exist since there is no space-time ripple that can emerge and propagate, which implies that the
quantum theory of three-dimensional gravity may be of absence.
The arguments of non-existence of quantum theory in three-dimensional gravity are impaired by the equivalence
of three-dimensional gravity and Chern-Simons gauge theory. The Chern-Simons quantum gauge theory does exist,
and furthermore, is renormalizable. So one expects that a well-defined quantum theory of the three-dimensional
gravity also exists. It is worth noting that the equivalence between the three-dimensional gravity and Chern-Simons
theory is constrained in local classical and perturbative sense. They have several important differences when one
observes their global non-perturbative properties. For example, in the gravity aspect, it is natural to sum over all
possible topologies of the space-time manifold. But in the aspect of Chern-Simons gauge formulation, it is difficult to
find the necessity to do so. As there are important differences between three-dimensional gravity and Chern-Simons
formulation, one may simply give up the efforts to find a quantum theory for three-dimensional gravity. However,
the discovery of BTZ black hole forces us to reconsider this problem [3]. The BTZ black holes have horizon, mass,
entropy, and angular momentum, though its local geometry is just anti-de Sitter. Especially, these physical quantities
obey the thermodynamic laws, like a usual four-dimensional black hole. A significant discovery in 1970’s is that
gravity is inherently related to thermodynamics. Several deep and remarkable approaches have been made in gravi-
thermodynamics, for example the black radiation [4]. Recently we find that the spherically symmetric metrics can be
derived directly from thermodynamic considerations [5]. Generally the macroscopic thermodynamic properties have
microscopic statistical origins. The existence an entropy proportional to the perimeter of the horizon hints that there
are rich freedoms in the BTZ space-time. Thus it is natural to explore whether we can find propagating modes by
introducing some new freedoms into the theory.
The propagation freedoms in three dimensional (modified) gravity have been investigated. Some interesting points
of this problem can be found in [1, 6]. Generally, modified gravity permits extra freedoms than general relativity,
for example the dilaton field in scalar-tensor gravity. The additional freedoms in modified gravity may lead non-
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2trivial geometries in 3-dimensions. A topological massive gravity is introduced in [7], in which a spin-2 graviton
with propagation degree appears. The Hilbert-Einstein action together with a special combination of R2-terms is
equivalent to a Pauli-Fierz action at the linearized level [8]. This new massive gravity has been studied in [9]. Exact
black hole solutions with non-trivial geometries have been found in this massive gravity frame in three dimensions
[10]. A parity-preserving model of three-dimensional gravity with propagating torsion freedom in asymptotic AdS
space in studied in [11]. In this paper, we make a different approach towards this problem from the view of a higher
derivative gravity theory. We present an exact solution in a three-dimensional higher derivative gravity as a heuristic
example to display a possible way to introduce graviton.
In the next section we show a black hole solution in Rd+1 gravity. In section III we present the gravitational wave
solution in Rd+1 gravity, and we conclude this paper in section IV.
II. THE BLACK HOLE SOLUTION
It is wellknown that three-dimensional Einstein gravity does not permit a graviton. The theory is non-renormalizable
even if we consider an off-shell graviton, since the gravitational constant has a dimension of length. The studies of the
renormalizability of gravity leads to higher derivative theory [12], for some early thoughts on this issue, see [13]. f(R)
gravity naturally encodes the essential properties of higher derivative theories, meanwhile it is relatively tractable
compared to some more complicated considerations, for a review see [14]. Once the higher derivative terms are
introduced, they will dominate the behaviour of the space-time dynamics at high energy region, such as the regions
around the big bang singularity or a black hole singularity. We shall show that a true singularity is possible in three-
dimensional pure f(R) gravity, while there is no true singularity in three-dimensional Einstein gravity. Accompanying
to the appearance of the true singularity, the local geometry becomes non-trivial, and thus an on-shell graviton
(gravitational wave) is also possible.
We start from an action in f(R) gravity,
S =
1
16piG
(∫
M
d3x
√
−det(g) Rd+1 +
∫
∂M
d2x
√
−det(h) 2Bo
)
, (1)
where G is the three-dimensional constant with a dimension of length, M is the manifold in consideration and ∂M
denotes its boundary, g labels the metric on M and h labels its induced metric on ∂M, R is the Ricci scalar for g,
and d is a constant. With a proper boundary term Bo the corresponding field equation reads,
(1 + d)RdRab −
1
2
Rd+1gab − (1 + d)∇a∇bR
d + gab(1 + d)R
d = 0. (2)
A general circularly symmetric metric with 2 Killing fields reads,
ds2 = −A(r)dt2 +
1
B(r)
dr2 + r2dθ2, (3)
Then, the θ-θ component of (2) and its trace read[
∂2
∂r2
+
(
A′
2A
+
B′
2B
)(
∂
∂r
−
1
r
)
−
R
2(1 + d)B
]
Rd = 0 (4)
and [
∂2
∂r2
+
(
1
r
+
A′
2A
+
B′
2B
)
∂
∂r
−
(1− 2d)R
4(1 + d)B
]
Rd = 0, (5)
respectively, where the Ricci scalar R is given by
R = −B
[(
A′
A
)′
+
(
A′
A
+
B′
B
)(
1
r
+
A′
2A
)]
. (6)
(4) and (5) are closed for the two functions A(r) and B(r). Obviously, A = C1, B = C2 (C1 and C2 are two constants)
is a solution with
Rab = 0, (7)
3and
R = 0, (8)
for the field equation (2). This is a trivial Minkowskian one.
Besides this Minkowskian solution, we find that there exist non-trivial solutions for this three-dimensional theory.
Although there is no general method to solve such non-linear equations as the field equation (2) at fourth-order, we
find a proper ansatz under which the analytical forms of A and B can be obtained. Now we introduce the following
ansatz,
R = −
kL
rp
, (9)
where L > 0, and k = −1, 0,+1. With this additional ansatz, we find the following solution,
A = Br
2pd(1+pd)
1−pd , (10)
B = k
L(1− dp)r2−p
2(d+ 1) (d2(2d+ 1)p3 − p+ 2)
+ Cr
2p2d2
pd−1 , (11)
and
p =
1− 2d
(1 + 2d)d
, (12)
where C is an integration constant. One can check that (9) are satisfied for A and B in (10) and (11). The
situations of different k are something like the 3 different spatial geometries at r = constant in the case of topological
Schwarzschild solution. However, we emphasize that the local spatial geometries at r = constant are the same for
different k in the above solution, because a one-dimensional object can not be intrinsically curved.
From the ansatz, one explicitly sees that the geometries are non-trivial when k = ±1. A true singularity appears
at r = 0 for p > 0, and at r→∞ when p < 0. The Ricci scalar (9) vanishes when k = 0, but it is still a curved space,
which can be seen from the Kretschmann scalar,
RabcdR
abcd =
C2(1− 2d)2
(
1 + 12d2
)
2d2(1 + 2d)2
r
− 1+12d
2
d+2d2 . (13)
p = 0 (corresponding to d = 1/2) is a special point, at which the solution degenerates to a Minkowskian one for all 3
cases of k. This means that R3/2-gravity permits a Minkowskian state. For a general k, (13) becomes
RabcdR
abcd =
C2(1 − 2d)2
(
1 + 12d2
)
2d2(1 + 2d)2
r
− 1+12d
2
d+2d2 +
(1− 2d)2
2(1− 6d)d(d + 1)
CkLr
8
2d+1−
3
2d−3
+
24d4 + 40d3 + 10d2 − 8d+ 1
36d4 + 60d3 + 13d2 − 10d+ 1
L2k2r
8
2d+1−
2
d . (14)
It is clear that the the Kretschmann scalar is divergent when d→ 0, which implies that this solution is a nonpertur-
bative one compared to the trivial Minkowskian solution. This property also can be understood by our ansatz. R is
not a continuous function when d = 0 (p → ∞): It is a step (the step goes to infinity) function at r = 1. Hence the
metric is not regular either at the point d = 0 in the parameter space.
The true singularity is enclosed by an apparent horizon l(r) = 0, which satisfies,
hab∂al∂bl = 0, (15)
where h is the induced metric,
h = −A(r)dt2 +
1
B(r)
dr2. (16)
The apparent horizon dwells at,
ra =
(
−
C(6d− 1)(d+ 1)
d(d+ 1/2)kL
) 2d
6d−1
. (17)
A physical horizon requires,
C(6d− 1)(d+ 1)d(d+ 1/2)k < 0. (18)
For the case with k = 0, a horizon cannot appear and generally the singularity becomes a naked one.
4III. GRAVITATIONAL WAVE
Since the geometries of the three-dimensional spacetime can be non-trivial, naturally the space-time ripples become
possible. And thus we can discuss the perturbative gravitational wave in the background of the black holes. Beyond
perturbative level, an exact solution says the final words of the existence of gravitational wave. We find that the
following metric,
ds2 = −A(r, u)du2 ± 2B(r)dudr + r2dθ2, (19)
solves (2), where
A(r, u) =
1
2r
(
d(1 + 2d)kLr3
6d2 + 5d− 1
+ 2r
1
2dG(u)
)
, (20)
and
B(r) = r
1/2−d
d(1+2d) . (21)
Here G(u) is an arbitrary C4-function of u. The source of the above metric reads,
T = ∓
|k|d
4pi(1 + 2d)
r−
4d
1+2d
dG
du
du⊗ du, (22)
which is independent of L. It is a null source that satisfies the condition
gabTab = 0. (23)
However, it is not a three-dimensional electromagnetic field, since three-dimensional electromagnetic field has a non-
zero trace. The cases k = ±1 describe dynamical space-times with sources (22). Surely, gravitational waves propagate
in these space-times.
(19) is closely related to the black hole solution in the last section. G=constant is a degenerated case, which is just
(3) in a different coordinates. One can demonstrate this point by the following coordinates transformation,
u = t∓
∫
dr
[
kL(1− dp)r2−p
2(d+ 1) (d2(2d+ 1)p3 − p+ 2)
+ Cr
2p2d2
pd−1
]
r
pd(1+pd)
1−pd , (24)
where we set G=C. We note that if G is not a constant, we cannot obtain a metric like (3) through the above
transformation. Drawing an analogy with four-dimensional Vaidya metric [15], we can regard the case with “+”
and dGdu > 0 in (19) as an absorbing star, and the case with “−” and
dG
du < 0 in (19) as a shining star in three-
dimensional space-time, notwithstanding, the matter particles that they are absorbing or shining are not quanta of
electromagnetic fields. We emphasize that three-dimensional Einstein gravity also permits non-trivial geometries in a
sourced space-time, such as a charged BTZ [16]. So in principle, it also permits gravitational waves with sources [17].
The case k = 0 is of special interests, which describes a circularly symmetric pure gravitational wave. In this case
the situation with “+” and dGdu > 0 still describes an absorbing star, while “−” and
dG
du < 0 for a shining star. However,
there is nothing but gravity energy to absorbing or shining in this case: it is a solution for absorption or radiation of
gravitational wave. It realizes two impossibilities in the corresponding Einstein gravity: The first one is a circularly
symmetric gravitational wave, and the second one is gravitational wave in three-dimensional vacuum. In this case
the Ricci scalar R vanishes. Gravity is the source of gravity, which is like the case of vacuum Schwarzschild solution
in 4-dimensions in some degree. The difference is that in the latter case Weyl tensor curves the space, while in the
former case the Ricci tensor curves the space, for the Weyl tensor always vanishes in 3-dimensions. The gravitational
waves curve the space-time, which can be demonstrated by the contraction of Ricci tensor,
RabR
ab = ±
(2d− 1)r
− 1+12d
2
d+2d2
((
2d− 1− 12d2 + 24d3
)
G2 + 4d(1 + 2d)r
4d
1+2d dG
du
)
8d2(1 + 2d)2
. (25)
One sees that a Birkhoff-like theorem becomes invalid. The essential point is that a vanishing stress energy doe not
imply a vanishing Ricci tensor in f(R) gravity. From the above equation (25), it is easy to see that the metric (19)
comes back to a Minkowskian one when G(u) = 0, that is to say A = 0. So this dynamical space-time can be treated
5as a superposition of a gravitational wave Adu2 to a Minkowskian background B(r)dudr + r2dθ2 in the double null
coordinates. Since G is an arbitrary function of u, this metric can describe any circularly symmetric gravitational
wave in three-dimensional space-time. It can be tiny, as a fluctuation on the Minkowskian background. And it can
also be large, as a nonperturbative gravitational wave. In any case it is an exact solution. So, in this work, we find a
kind of proper “object” to quantize. After quantization, they correspond to the on-shell gravitons. This may offer a
useful clue to the gravity quantization in three-dimensional space-time.
IV. CONCLUSION
In three-dimensional pure Einstein gravity, the local geometry is always trivial, therefore, gravitational wave can
not propagate in such a space-time. This yields some confusions of the corresponding quantum theory. It seems that
the microscopic states in a BTZ black hole do not exist, since there is no wave in such a configuration. This also yields
some confusions in the three-dimensional black hole thermodynamics. The quantum theory itself promise us some
clues about this problem. A field, even in vacuum state, still shows some physical effects of itself, for example the
Casimir effect. Classical fields with a zero stress energy has no effects on the gravitational field equation. However,
when quantum effects are considered, they may yield higher derivative terms, like f(R) theory, in the gravitational
field equation[18]. Once the higher derivative terms are introduced, they will make significant and profound effects in
three-dimensional space-time.
First, as we have seen in this paper, non-trivial geometry and gravitational wave emerges naturally in higher
derivative theories, which is radically different from those in the standard Einstein gravity. This maybe helpful to solve
the problem of the entropy of three-dimensional black hole. A theory with tiny non-zero dmay have enough microstates
to yield the black hole entropy. It is not surprised that the quantum backreaction (resulting a higher derivative gravity)
to illuminate this problem, since fundamentally the microscopic theory of black hole entropy is quantum theory.
Second, to include the higher derivative terms is helpful to control the divergence in graviton scattering process,
remarkably increasing the renormalizability of the theory. Thus it is worthy of studying the detailed properties of
three-dimensional f(R) gravity. We find a circularly symmetric black hole solution with non-trivial geometries in
f(R) gravity. The spherically symmetric metrics can be derived directly from thermodynamic considerations [5],
so we expect the black hole solution obtained here may also have deep relations with thermodynamics and can be
obtained in a similar manner. Besides, a dynamical solution is also obtained. When k = ±1 the solution describes an
absorbing or shining star, depending on the sign of the stress energy. When k = 0, it describes a dynamical space-time
without source, which becomes a pure gravitational wave space-time. It is a circular wave, where the Birkhoff-like
theorem is invalid. This solution can be treated as a wave propagating on a Minkowskian background. Because of
the arbitrary function G in this solution, in principle it can describe any wave with circularly symmetry. Therefore,
the solution is a concrete example of the gravitational waves in three-dimensional space-time. After quantization, it
may shed light on the microscopic origin of three-dimensional black hole, and further more, on the quantum theory
of three-dimensional gravity.
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